Abstract. In this paper, we consider the positive solution to a Cauchy problem in R N of the fast diffusive equation: |x| m ut = div(|∇u| p−2 ∇u)+ |x| n u q , with nontrivial, nonnegative initial data. Here 2N+m N+m+1 < p < 2, q > 1 and 0 < m ≤ n < qm+N (q−1). We prove that qc = p−1+ p+n N+m is the critical Fujita exponent. That is, if 1 < q ≤ qc, then every positive solution blows up in finite time, but for q > qc, there exist both global and non-global solutions to the problem.
Introduction
In 1966, Fujita [4] considered the following initial value problem (1.1)
where N ≥ 1, p > 1 and u 0 (x) is a bounded positive continuous function. They proved that the problem (1.1) does not have any nontrivial, nonnegative global solution if 1 < p < p c = 1 + 2 N , whereas if p > p c , there exist both global and blowing up solutions. Such a number p c is then called to be the critical Fujita exponent. In [10, 29] , Hayakawa and Weissler have shown that p c = 1 + 2 N belongs to the blow-up case. These elegant works revealed a new phenomenon of nonlinear PDEs and stimulated the study of similar features for various nonlinear evolution equations (see, e.g. the survey papers [1, 12] and the references therein, and also the recent papers [4-11, 13-24, 26-29, 32] ).
The critical Fujita exponent for the following Cauchy problem was given as p c = m + 2 N .
(1.2) u t = △u m + u p , x ∈ R N , t > 0, u(x, 0) = u 0 (x),
x ∈ R N , where p > 1, m > 1 or 1 > m > (N −2)+ N and u 0 (x) is a bounded positive continuous function. In [7, 8, 23] they have proved that the solution u(x, t) of (1.2) blows up if 1 < p < p c ; while both global and nonglobal positive solutions exist if p > p c . When p c = m + 2 N , in [18, 19] Mochizuki, Mukai and Suzuki have proved that the solutions of (1.2) blow up in finite time (see also [6, 9] ).
Qi [21] replaced the constant coefficient of the nonlinear source in (1.2) by the positive function |x| σ to get the equation
and established the critical Fujita exponent
In [26] , some Fujita type results for (1.1), (1.2) and (1.3) were extended to
with q > k ≥ 1 and 0 < m ≤ n < qm + q − 1 and the critical Fujita exponent of (1.4) was given as q c = k + 2+n N +m . The Cauchy problem of another nonlinear diffusive equation of the form
was also considered by some authors. For the problem (1.5) with p > 2 and n = 0, Galaktionov and Qi [5, 6, 20, 22] obtained that q c = p − 1 + p N is the critical Fujita exponent of (1.5) and q c belongs to the blow-up case. If n = 0 in (1.5), Qi and Wang [24] proved that the critical Fujita exponent q c = p−1+
Recently, Martynenko and Tedeev [16, 17] studied the Cauchy problems of the following two equations with variable coefficients:
where
It was shown that under some restrictions on the parameters, any nontrivial solution to the Cauchy problem blows up in a finite time. Moreover, the authors established a sharp universal estimate of the solution near the blow-up point.
In this paper, we consider the positive solution to the Cauchy problem of a fast diffusive equation with variable coefficients
where 2N +m N +m+1 < p < 2, q > 1,0 < m ≤ n < qm + N (q − 1) and u 0 (x) is a nontrivial, nonnegative, bounded and appropriately smooth function. The equation in (1.6) appears in different models in non-Newtonian fluids, here (1.6) may be used to describe the temperature u of the channel flow of a fluid; the term |x| m corresponds to the reciprocal of the diffusivity; thus due to m > 0, it has the effect of raising the temperature for |x| < 1 and decreasing the temperature for |x| > 1 (see [25, 31] , where a more detailed physical background can be found). Since m > 0 and 2N +m N +m+1 < p < 2, the equation in (1.6) is fast diffusive, which has the infinite speed of propagation property, and hence the solutions of (1.6) become instantaneously positive everywhere. That is the reason why we are restricting ourselves to positive solutions in this paper.
In this work, we are interested in the large time behavior of solutions of the Cauchy problem (1.6) and establish the critical Fujita exponent q c = p − 1 + p+n N +m . Namely, we will prove that the solutions of the problem (1. 
we believe, however, that this is mainly due to technical difficulties, and that for N > 1 the behavior is actually the same as for N = 1.
We say that u(x, t) is the solution to the problem (
) and (1.6) is satisfied in the sense of distribution in Q T , where T > 0 is the maximal existence time. The local existence in time and uniqueness of solutions and the comparison principle for the problem (1.6) can be found in [2, 30] . In this context, the solution u(x, t) is called blow-up in finite time T > 0 if w(t) = Ω u(x, t)dx → +∞ as t → T − for a finite T > 0, where Ω is a bounded domain in R N . It follows easily that this definition is the same as that of Friedman and McLeod [3] since u(x, t) is a continuous function in Q T .
When we consider the blow-up case, without loss of generality, we assume that u 0 (x) is radially symmetric and nonincreasing, i.e., u 0 (x) = u(r) with r = |x|, and u 0 (r) is nonincreasing in r. Therefore, by the comparison principle, we have that the solution of (1.6) is also radially symmetric and non-increasing in r = |x|. Since the solutions of (1.6) become instantaneously positive everywhere, we can assume that initial data u 0 (x) is a positive function. If u 0 (x) is not radially symmetric and non-increasing, we consider the (nonincreasing) solution v to (1.6) corresponding to the initial value v 0 (x) = inf{u 0 (y), 0 ≤ |y| ≤ |x|}, which is radially symmetric and nonincreasing in r. If v blows up in finite time, so does u. This paper is organized as follows. In Section 2 we establish the critical Fujita exponent q c and the critical case q = q c is investigated subsequently in Section 3.
Critical Fujita exponent
In this section we give the critical exponent of Fujita type. That is, we shall show when all solutions of (1.6) blow up in a finite time or both global and nonglobal solutions exist.
Theorem 2.1. If 1 < q < p − 1 + p+n N +m , then every nontrivial nonnegative solution of the problem (1.6) blows up in finite time.
Proof. Let
) is a smooth, radially symmetric, and non-increasing function which satisfies
, where and in the sequel C is used to represent positive constant independent of l, and may change from line to line. Multiplying the equation in (1.6) by φ l and integrating it over R N , we obtain (2.1)
here a(n) denotes the volume of the unit ball in R N . Using Hölder's inequality, we have
Note that ∂φ l ∂ν = 0 on ∂B l and ∂φ l ∂ν ≤ 0 on ∂B 2l , where B l is the ball in R N with radius l and center at the origin, and ν is the outward normal vector on the boundary ∂B l or ∂B 2l . Since u and φ l are radially symmetric, and non-increasing functions, our employing polar coordinates gives
We continue to by using Hölder's inequality to discover (2.4)
Next by a direct computation we have
Combining (2.2)-(2.5), we find (2.6)
Substituting (2.6) into (2.1) yields (2.7)
By the Hölder's inequality with qm − n > −N (q − 1), we have
According to (2.7) and (2.8), we obtain (2.9)
Under the assumption q < p − 1 + p+n N +m , we see
Thus using the fact that w l is an increasing function of l, we find from (2.9) that, for sufficiently large l, there exists a constant δ > 0 such that
Recalling that supp φ l = B 2l , we then follow w l , and consequently u, blows up in finite time since q > 1. Proof. We know from the proof of Theorem 2.1 that u satisfies (2.9). If u 0 is sufficiently large such that, for some l > 0,
Then, from (2.9), we see that Proof. We investigate the auxiliary function
where f (ξ) is to be determined later and
Then we have
u(x, t) is a supersolution of the problem (1.6) with small initial data u 0 if the function f (ξ) satisfies (2.11)
where a, A > 0 are constants to be chosen. After a computation, we have
Then inserting the expression of f (ξ) into the first inequality in (2.11), we obtain
By taking
for every ξ > 0, we have
Thus, with this choice of a, A, from (2.13) we check that the first inequality of (2.11) is valid. Thus, for the case q > q c , we have constructed a class of global self-similar supersolutions defined by (2.10) and (2.12). Owing to the comparison principle, the solution of the problem (1.6) is global if the initial data u 0 is small enough.
The critical case q = q c
In order to study the critical case q = q c , we give a large time behavior of the solution to (1.6) for |x| > 1.
Lemma 3.1. The positive solution of the problem (1.6) has, for each t ∈ (τ, T ),
where T is the maximal existence time for the solution, ǫ, δ are positive constants and
Proof. Our idea is to show that any positive solution of the problem (1.6) is, for |x| > 1, bigger than the following similarity solution
, where
We now select λ > 0 such that
To this aim, according to the definition of U λ (t, x) we need (3.4)
for τ ≤ t ≤ T * and |x| ≥ 1 2 , which is implied by (3.5)
Since the right-hand side of (3.5) is bounded below by cλ
, where c is a constant independent of λ, (3.5) is satisfied if we choose λ such that λ ≤ cδ (3.3) and the comparison principle we have
Hence, the estimate (3.1) holds by letting T * tend to T . This is a contradiction to (3.7).
